Abstract: The partial entanglement entropy s A (A i ) captures the contribution from the subset A i of the region A to the total entanglement entropy S A of A. The partial entanglement entropy proposal [1, 2] claims that s A (A i ) equals to a linear combination of the entanglement entropies of certain relevant subsets in A. We derive the differential version of this proposal which can directly generate the scheme independent entanglement contour function. Furthermore we derived the sufficient condition to apply the differential version of proposal. On the other way around, the proposal indicates that given the partial entanglement entropy we can calculate the entanglement entropies for the subsets. Following this idea, on the field theory side we analytically calculated the entanglement contour functions and entanglement entropies for annuli and spherical shells in holographic CFTs in arbitrary dimensions. We also comment on the phase transition of the mutual information, which is calculated holographically, across an annulus.
Introduction
Partition a quantum many body system into two regions A and A c , the entanglement entropy captures how much the subset A is entangled to its complement A c . The entanglement entropy can be calculated as the von Newmann entropy of the reduced density matrix ρ A = Tr A c ρ,
(1.1)
In condense matter physics, entanglement entropy has been used to distinguish new topological phases and characterize critical points, e.g., [3] [4] [5] [6] [7] . Furthermore the Ryu-Takayanagi (RT) formula [8, 9] relates quantum entanglement to spacetime geometry, so entanglement entropy becomes an important tool to study quantum gravity via holography (for example the AdS/CFT [10] [11] [12] ) and also to study holography itself. However calculating the entanglement entropy is quite formidable. The standard way to calculate entanglement entropy in quantum field theories is the replica trick [5, 6, 13] . Also, for static spherical A in the vacuum state of a general dimensional CFT, the entanglement entropy can be calculated using the Rindler method 1 [16] . We will come back to this method later. Remarkably the RT formula [8, 9, 17] provide a simple and elegant way to calculate entanglement entropies holographically. More explicitly, for a subregion A in the boundary CFT and a minimal (or more generally extremal) surface E A in the dual AdS bulk that anchored on the boundary ∂A of A, the RT formula states that the entanglement entropy of A is measured by the area of E A in Planck units
2)
which provides a simpler routine to calculate entanglement entropy geometrically. Though we have several ways to calculate entanglement entropy in quantum field theories, so far we only get analytic results for highly symmetric subregions, like intervals, balls, strips and so on.
In this paper we propose another strategy to calculate entanglement entropies for subregions with less symmetries, like annuli and spherical shells. This strategy is based on the proposal [1, 2] of entanglement contour. The concept of entanglement contour, introduced in [18] , is a function that captures how much the degrees of freedom at each site of A contribute to the total entanglement entropy S A . We denote this function by f A (x 1 , · · · , x d−1 ), where the coordinates x 1 , · · · , x d−1 parameterizes the region A and d is the dimension of spacetime. By definition it satisfies the following basic requirements
Instead of studying the contour function directly, we study the partial entanglement entropy s A (A 2 ) for any subset A 2 of A, which captures the contribution from A 2 to S A and is defined by
(1.4)
In [1, 2] , one of the author gave a simple proposal for the partial entanglement entropy in d = 2, where s A (A 2 ) was proposed as a linear combination of the entanglement entropies of certain subsets in A.
The first two terms in the bracket are the entanglement entropies of the unions between A 2 and its left and right subsets A 1 and A 3 . As was pointed out by [2] this proposal can be extended to higher dimensions with rotational symmetries and translation symmetry, where all the regions and subsets are balls (disks), spherical shells (annuli) or infinitely long strips. In these cases the contour function respecting the rotation symmetry only depends on one coordinate, thus the partition is effectively similar to the d = 2 case. The additivity can be proved without any additional assumptions for entanglement entropies. We also use A 1 and A 3 to denote the subsets that share boundary with A while A 2 is inside A. See Fig.1 as an example in 3-dimensions. In higher dimensions, choosing a general subset A 2 may lead to a partition for A with more than 3 subsets, thus (1.5) should be generalised to match with the partition and the prove of additivity may need further assumptions for the subset entanglement entropies, we leave this for future studies. It is shown in [2, 19] that the partial entanglement entropy defined by (1.5) satisfies all the rational requirements for entanglement contour 2 . This proposal has been tested in many 2-dimensional cases, like the vacuum state CFT 2 with or without a spatial(thermal) circle [2] and warped CFT [20] , where the entanglement contour functions 3 can be obtained by using some holographic constructions [1, 20] or strategies from some lattice models in condense matter theories [18, 23] .
Note that the partial entanglement entropy in left-hand side of (1.5) is finite and regularization scheme-independent, while the right-hand side consists of four entanglement entropies which are divergent and need to be regularized. If we want to do any calculation based on (1.5) we need to introduce regularization schemes for the subset entanglement entropies. The entanglement entropy generally can be written as an expansion in terms of the UV cutoff. The power-law divergent terms are scheme-dependent, while the non-trivial physical information is contained in the universal term (or the finite term). For example, in 3-dimensions let us consider an annulus with inner and outer radii R 0 < R e , the expansion of its entanglement entropy is given by 6) where is the UV cutoff, α is a constant relating to the central charge and h is a function of the ratio R e /R 0 . The first term is the divergent area term while the second term is universal.
(1.5) with finite partial entanglement entropy implies the necessity of cancelling all area terms on the right-hand side of (1.5). In addition, we find that a higher order perturbation of the cutoff O( 2 ) affects the finite terms drastically although it does not affect the area terms. Therefore we need further constraints to regularization schemes for making sure the right-hand side of (1.5) generate the right partial entanglement entropy. In section 2, we derive a differential version of (1.5) which involves less cutoffs. More importantly, A sufficient condition for holding (1.5) is derived. These sufficient/necessary conditions are the key to validate our proposals, and finding them is one of the main tasks of this paper. In section 3 we derive the entanglement contour function for a static ball-shaped region in vacuum CFT in arbitrary dimensions. We firstly derive it via the Rindler method [16] which involves a conformal transformation that maps the flat contour of the thermal entropies in the "Rindler" space to the entanglement contour for balls. Then we derive the contour function via the fine structure analysis of the entanglement wedge generalised from [1] . A fine correspondence between points on the ball and its RT surface can be found from the fine structure, and the contour function can be read from this fine correspondence. This indeed justifies a former derivation [19] based on a proposal [25] for the Bit threads configuration [26] .
In section 4, instead of using the proposal (1.5) to calculate entanglement contour, given the contour function of A we propose a prescription to calculate entanglement entropies for subsets of A with less symmetries (compared with balls or strips) via (1.5). This strategy is useful when we choose the region A and its partition to be highly symmetrical so entanglement entropies of the subsets (except the one we want to derive) are available. More explicitly we consider A to be a (d − 1)-dimensional ball in the vacuum state of CFT d and derive the entanglement entropy of the spherical shells (or annulus when d = 3) based on the proposal for partial entanglement entropy and the entanglement contour function derived in section 3 for a ball-shaped region.
In section 5, based on our results for the entanglement entropies of annuli and our proposal, the mutual information across an annulus can be interpreted as a partial entanglement entropy thus can be calculated analytically. We find that the mutual information is monogamous and always positive for any ratio
. This is contradictory with the holographic result which claims that when the ratio Re R 0 is above the critical point the mutual information will vanish. We think that naively taking the IR cutoffs for all the RT surfaces at a unified cutoff z = in Poincare coordinates does not give the right mutual information which should be scheme independent. So our discussion indicates that the phase transition for the entanglement entropy of annulus (or the mutual information across an annulus) may be just an illusion.
In section 6, we summarize on the key perspectives in our work which have not been thoroughly considered before.
2 The differential version of the partial entanglement entropy proposal and regularization scheme independence
We consider an annular region A and the partition shown in Fig.1 . The region A and subregions are all chosen to be rotationally symmetric thus all the arguments for the rationality of our proposal (1.5) in 2-dimensions are still valid without further assumptions on the entanglement entropies. However unlike in the 2-dimensional cases, (1.5) requires us to match at the sub-leading order thus a careful handling of the cutoffs is necessary. As in the following we encounter lots of cutoffs, it is useful to set the rule for notations of cutoffs.
In this paper we denote the cutoffs of the subset A i on the boundary Σ j as iΣ j and denote the cutoffs of A as Σ j .
The cancellation of all the area terms on the right hand side of (1.5) only requires that Figure 1 . In the above figure we set A = A 1 ∪ A 2 ∪ A 3 to be an annulus whose inner and outer radio is R 0 and R e . It is divided into three smaller annulues by the two purple circles with radios R 1 and R 2 , which satisfies R 0 < R 1 < R 2 < R e . The cutoff of the subset A i on the boundary circle with radius R j is denoted as iRj while the cutoff of A on the boundary with radius R j is denoted as Rj .
all these cutoffs equal at the leading order, i.e.,
where g iR j are constants. We denote that
• the condition (2.1) is the first necessary condition for the validity of the partial entanglement entropy proposal (1.5).
It is important to note that the sub-leading perturbation of the cutoffs affects the finite terms drastically, for example
If we plug regularized entanglement entropies into (1.5), we need to set constraints on the regularization schemes (or the constants g iΣ j ) in order that the left hand side of (1.5) is the right partial entanglement entropy. This is nontrivial. In the following we derive a differential version of the proposal (1.5) which involves less cutoffs and from which we can extract the scheme-independent contour function. Then the partial entanglement entropy can be calculated by integrating the contour function over the subregions.
Differential version of the proposal
Assuming the existence of the entanglement contour function for A, the contour function depends on the boundaries of A. We write
and define
The entanglement entropies and partial entanglement entropies are given by
where g is the determinant of the induced metric on the spatial slice of the system. On the other hand, according to the proposal (1.5) we have
where these entanglement entropies can be written as
We define the right hand of (2.8) to be a new function G(R 0 , R e , R 2 ), then interestingly we find the right hand side of (2.9) can be written as −G(R 0 , R e , R 1 ), thus according to (2.7) and (2.6) we have
Since the above equation holds for any choice of R 1 and R 2 , we conclude that these two functions only differ by a constant depending the region A (or namely depending on R 0 and R e ), i.e.,
Note that the constant G 0 (R 0 , R e ) may be divergent which are cancelled in the partial entanglement entropy and the entanglement contour. Then we choose A 2 to be an annulus with an infinitesimal width, i.e.,
For this choice we have 13) and furthermore according to (2.10) we should have 14) or by dr → 0,
Note that in the above equation, A 2 is absorbed by
This derivation of the contour function based on the proposal (1.5) can be naturally generalized to arbitrary dimensions with rotational or translational symmetry. (2.15) is the differential version of (1.5) (see also [19] for the related discussion on the differential version of (1.5) in 2 dimensions). Note that in the differential version (2.15) only two subset entanglement entropies need to be regularized and the differential helps us to remove other dependence on cutoffs. So far we have not introduced any regularization scheme yet. In the next subsection we will plug in regularized entanglement entropies to derive the regularization independent contour function.
The scheme-independent entanglement contour function
Recall that the entanglement entropy integrates the contour function, i.e.
As the entanglement entropy satisfies the area law, functions like F (R 0 , R 1 , r) diverge when r approaches the radius of the two boundaries R 0 and R 1 . We write the F functions as expansions near the boundaries, for example,
Note that the F functions are independent of regularization scheme. We now introduce cutoffs. As was pointed out in [1] , the regularized entanglement entropy should be interpreted as the partial entanglement entropy of the regularized region. In other words cutoffs are just the limits of integration for the contour function (later we call the cutoffs defined in this way as the direct cutoffs). So we should have, for example
We also perform the similar expansion for S A 3 and write the cutoffs as in (2.1) with their higher order perturbations g iR j unsettled. Put all these expansions together we find
It is easy to see terms in the first line are all independent of R 1 . Then we perform the partial derivative with respect to R 1 thus get rid of the cutoffs on R 0 and R e , and find
We see that the first line consists of scheme-independent functions while the second line depend on the cutoffs on the boundary between A 1 and A 3 . Since the contour function should also be scheme-independent, it is natural to conclude that,
• the sufficient condition for the validity of the differential version of the partial entanglement entropy proposal (2.15) is that, the cutoffs on Σ which divide A into A 1 ∪ A 3 satisfy 1Σ = 3Σ (or up to a perturbation of order O( 3 ) since we ignore the O( ) terms on the right hand side of (2.15)).
Here Σ denote the boundary between A 1 and A 3 that determines the partition A = A 1 ∪A 3 . Note that
• the condition 1Σ = 3Σ is also the second necessary condition for the validity of the original proposal (1.5) .
We also would like to point out that requiring all the cutoffs to be equal iΣ j = (the first and second necessary conditions for (1.5) are both satisfied) does not guarantee the validity of (1.5). When we write the right hand side of (1.5) as expansions of the F functions and set iΣ j = , the area terms will cancel thus we get a linear combination of the F functions which is also scheme-independent. However it is possible to differ from the partial entanglement entropy on the left hand side by a constant. We will show this with an explicit example later in section 5.
Entanglement contour for balls in holographic CFTs

Entanglement contour from the Rindler method
The Rindler method is developed in [16] to calculate holographic entanglement entropies for static ball-shaped regions in the context of AdS d+1 /CFT d , and justify the RT formula in these cases. Here we focus on the story on the field theory side, where a static spherical entangling surface S d−2 is considered in the vacuum state of a CFT d . We denote the ballshaped region as A, the conformal transformation R that maps the causal development D A of A to a Rindler spaceB (which is a hyperbolic space) can be found. Therefore the entanglement entropy S A is mapped to the thermal entropy SB ofB.
Here we would like to propose that
• the Rindler transformation R is not only a mapping between thermal entropy SB and the entanglement entropy S A , but also a mapping between the contour function of SB and the entanglement contour function f A (r) of S A .
We believe that this idea is equivalent to the idea [23, 27] of identifying the inverse of the local weight function, which multiplies the local operator T 00 in the corresponding modular Hamiltonian K A , as the entanglement contour function, i.e., K A ∝ x∈A T 00
In the following we list the metrics on B andB, and the Rindler transformation 4 R between them [16] ,
Since we only consider static regions, we focus on the time slice t = τ = 0, where the Rindler transformation reduces to
It is clear from (3.4) that the region 0 < u < ∞ in the Rindler spaceB covers the ball 0 < r < R in the original spacetime B. Also the UV cutoff of the ball and the cutoff u max for the size of the Rindler spaceB is related by R − = R tanh(u max ) .
The contour function fB(u) is just a constant (the contour of the thermal entropy inB is flat)
According to the AdS/CFT, the thermal entropy SB equals to the thermal entropy of a (d + 1)-dimensional hyperbolic black hole
where L = Re β is the AdS radius,τ = e −β τ and β is a constant. Using Wald's entropy formula the thermal entropy of the hyperbolic black hole is then given by (see [16, 29] for details)
where a * d is a central charge that characterizes the degrees of freedom in the boundary CFT [29] . Note that
thus we have
Since the thermal entropy SB equals to the entanglement entropy S A , we have
Plugging (3.4) and (3.9) into the above equation we get the contour function for (d − 1)-dimensional balls with radius R,
where we define the new constant
In the case where d, the dimension of the CFT, is even, a * d is precisely equal to the coefficient of the A-type trace anomaly in the CFT. For example when d = 2, we have a * 2 = c 12 , as expected we have
In (3.11) we have abused the above relation to arbitrary dimensions. As a consistency check, we consider the d = 2 case. According to (3.11) and (3.12) we have
which as expected is the entanglement entropy for an interval with length l = 2R in the vacuum CFT 2 on a plane. So far our results are valid for holographic CFTs because we used holography to calculate the thermal entropy SB. When d = 2, SB can be calculated by Cardy-formula without using holography. In addition, the Rindler method has been generalized to some 2-dimensional field theories like the warped CFT and field theories invariant under the BMS 3 group (BMSFT) in [14, 15] . In these two cases, the thermal entropy of the Rindler space, as well as their entanglement contour functions, can be calculated using some Cardy-like formulas (see also [30] [31] [32] [33] ) without holography.
Entanglement contour from the fine structure of entanglement wedge
We can also read the contour function for ball-shaped regions from the fine structure analysis of the entanglement wedge [1] . In the context of AdS 3 /CFT 2 , a holographic picture for the entanglement contour of a single interval is given in [1] . It is shown that the entanglement wedge can be sliced by the modular planes, which are defined as the orbits of the boundary modular flow lines under the bulk modular flow. Each modular plane will intersect with the interval A on a point A(x 0 ) and its RT surface E A on E A (x 0 ). Furthermore, cyclically gluing the point A(x 0 ) on A turns on the nonzero contribution to the S A on E A (x 0 ), thus gives a fine correspondence between the points on A and E A . In the same sense, the partial entanglement entropy s A (A i ) is just given by
where E i is just the part of E A that correspond the subset A i under this fine correspondence. See Fig.2 for a graphical description of this construction. Also the similar construction is conducted for WCFT in [20] in the context of AdS 3 /WCFT correspondence [30, 34] . We would like to generalize the above construction to higher dimensions and read the contour functions for ball-shaped regions holographically. The key of the Rindler method is the construction of the Rindler transformation that maps the entanglement wedge W A of a d-dimensional static ball A in Poincare AdS d+1 to a hyperbolic black hole AdS d+1 (3.6), which can be written as
where
The Rindler transformation is a conformal symmetry transformation of the field theory. The static ball A is mapped to a time sliceÃ on the boundary of the AdS d+1 , while the RT surface E A is mapped to the black hole horizon ρ = L of the hyperbolic black hole, which we callẼ A . Since AdS d+1 corresponds to a thermal state, the modular Hamiltonian is just the ordinary Hamiltonian in AdS d+1 . In other words the bulk modular flow in W A maps to the time evolution in AdS d+1 . The modular planes in AdS d+1 are simply the AdS 2 planes with a fixed point on the hyperbolic plane
Unlike the strategy in [1] which construct modular planes directly in W A , here we study the much simpler fine structure in the Rindler AdS d+1 . This gives a fine correspondence between the points onÃ and the points onẼ A : A point onÃ corresponds to another point oñ E A when they are on the same AdS 2 plane, in other words, they have the same coordinates in H d−1 . This fine correspondence in AdS d+1 is mapped to the fine correspondence between points on A and the points on E A in the original AdS d+1 . Since the region A is static has the rotation symmetry, the picture can be simplified by only considering a time slice t = 0 and fixing all the angle coordinates. The homology surface R A satisfies ∂R A = A ∪ E A . The R A at the time slice t = 0 is mapped to the time sliceτ = 0 in AdS d+1 , where the image is calledR A . The modular planes in AdS d+1 intersect withR A on lines along the ρ coordinate. These lines end on the horizonẼ A orthogonally (see the dashed purple lines in the right figure of Fig.3 ). The fine structure in AdS d+1 also implies that the contour function for the thermal entropy of the hyperbolic black hole is flat. It is useful to note that these intersection lines are also geodesics in AdS d+1 and normal to the horizonẼ A . This implies that when mapping back to W A , the pair of points that corresponded to each other are connected by geodesics that start from one point on A and normally anchored on the other points on E A (see the dashed purple lines in the left figure of Fig.3) . We set the center of A at r = 0, then after some simple calculations we find that the points with radius r in A correspond to the points with radius r on the RT surface E A , via the following relation
Note that the above relation does not depend on the spacetime dimension. The RT surface is given by
According to the fine correspondence, we have
where the left-hand side is the partial entanglement entropy of a thin annulus at r with the infinitesimal width dr while the right hand side is the area of the subregion on the RT surface that correspond to the annulus. Plug the fine correspondence relation (3.16) into the above equation, we immediately get
which reproduces the result (3.11) we get via the Rindler method.
The entanglement contour functions (3.11) for static balls in d-dimensional CFTs has been proposed in an earlier paper [19] based on certain explicit constructions [25] of bit thread configurations [26] on the gravity side. In [25] the bit threads in W A of static balls are assumed to follow the bulk geodesics normal to the RT surface. In our construction, these bit threads are simply the lines where the modular planes intersect with the homology surface R A at the time slice t = 0. Our fine structure analysis is consistent with the constructions in [19, 25] .
An exact relation between the bulk and boundary cutoffs
An important proposal in [1] is that, the regularized entanglement entropy is the partial entanglement entropy of the regularized region. This means the UV cutoff of the boundary field theory and the IR cutoff in the bulk are related by the fine correspondence between the points in A and E A . In the cases of static spherical regions, consider A is cut off at R − and E A is cut off at z =¯ , then according to the fine correspondence (3.16) we have
This gives an exact relation between the boundary and bulk cutoffs
When we calculate the regularized entanglement entropy from both the field theory side and the bulk gravity side, the O ¯ 2 correction does not affect the leading contribution (the area law divergent term) to the two entanglement entropies. However it will affect the finite term contributions. When we match the entanglement entropy calculated by the RT formula to the entanglement entropy integrated from the contour function, the UV and IR cutoffs should satisfy the fine correspondence (3.21) and the O ¯ 2 correction should be considered.
Entanglement entropies and entanglement contour for annuli
The strategy
In this section we firstly consider the region A to be a disk and its partition into a concentric smaller disk A 1 and an annulus A 2 , see the left figure in Fig. 4 . Since there are only two relevant subsets the proposal (1.5) reduces to the following equation Similarly for the configuration in the right figure of Fig. 4 we have
Our strategy to derive the entanglement entropy for annuli is in the following 1. Calculate the partial entanglement entropies s A (A 2 ) and s A (A 2 ). Fig.4 and calculate the entanglement entropy S A 1 of the annulus using (4.1). Note that the S A 1 we obtained in this way is indirectly regularized by the cutoffs (we call them indirect cutoffs of A 1 ) of the two disks A and A 2 . The second necessary condition for the partial entanglement entropy proposal allows us to replace the cutoff of A 2 with the direct cutoff of A 1 on its inner boundary. So we can write the entanglement entropy for an annulus with a direct cutoff at the inner boundary.
Consider the left figure in
3. Similarly consider the configuration in the right figure we can write the entanglement entropy of an annulus with a direct cutoff at the outer boundary. Fig.5 where an annulus A is subdivided by a circle Σ into two smaller annuli A 1 and A 3 . Then based on results from previous two steps, we get the S A 3 with a direct cutoff on the inner boundary and write S A 1 with a direct cutoff on its outer boundary. Set these two direct cutoffs on Σ to be equal so that the sufficient condition for the differential version of our proposal (2.15) is satisfied, then we can derive the entanglement contour function for annuli.
Consider the configuration in
5. Integrating the contour function of A to get the entanglement entropy for annuli with direct cutoffs on both the inner and outer boundaries.
Indirectly regularized entanglement entropies for annuli
Consider the left figure in Fig.4 , and set the radius of A to be R e and the radius of A 2 to be R 0 . The entanglement contour function for disks is given by (3.11) with d = 3. So we can easily get the regularized entanglement entropy for disks A and A 2 ,
The partial entanglement entropy is calculated by
Then according to (4.1) we can straightforwardly get
Note that the above S A 1 is regularized indirectly by the cutoffs Re and 2R 0 of the two disks A 2 and A. The second necessary condition for the validity of (4.1) is 2R 0 = 1R 0 thus we have
where 1R 0 is a direct cutoff of A 1 on its inner boundary, while Re is not. Then similarly the entanglement entropy can be derived for annuli with a direct cutoff on its outer boundary. This is archived by considering the configuration in the right figure of Fig.4 , where A = A 1 ∪ A 2 . We set the inner and outer boundaries of A 1 to be R 0 and R e respectively so A 1 = A 1 . The calculation of the partial entanglement entropy is easy when we consider the total system to be pure state. So we have
Then the partial entanglement entropy s A (A 2 ) is given by (4.4). According to (4.2) and similarly using the second necessary condition for (4.2), we get the entanglement entropies for annuli with a direct cutoff on its outer boundary
where 1Re is a direct cutoff of the annulus on its outer boundary, while R 0 is not. 
Entanglement contour and entanglement entropies for the annuli
In this subsection we derive the contour function for an annulus A via the differential version of the partial entanglement entropy proposal (2.15). Again we chose the annulus whose inner and outer boundaries are circles with radius R 0 and R e . We divide the annulus A into two thinner annuli A 1 and A 3 by a circle r = R. (see Fig.5 ). According to the discussion in section 2, the sufficient condition for the validity of (2.15) is that, S A 1 and S A 3 are directly regularized at the partition boundary r = R with equal cutoffs 1R = 3R . In other words we apply (4.6) to A 3 so its inner boundary is directly regularized by the cutoff 3R , then we apply (4.8) to A 1 so its outer boundary is directly regularized by the cutoff 1R . Note that the parameters R 0 and R e in (4.6) and (4.8) are not what we defined in Fig.5 . Then we have,
Although in the above equations R 0 and Re are not direct cutoffs, the entanglement contour function is independent of them. Then we set 1R = 3R and plug the above regularised entanglement entropies into (2.15), then we find the scheme-independent contour function for the annulus A,
The above entanglement contour function is one of our main results in this article. In the following we give some consistency checks on this result. The entanglement entropy S A with direct cutoffs is then given by
The first consistency check is that when we take the limit R 0 → 0, the annulus becomes a disk thus we recover the contour function (3.11) for disks with d = 3. This is obvious when we set R 0 = 0 in (4.11).
The second consistency check is that the entanglement entropy from (4.11) satisfies the area law as expected. Using the entanglement contour function f (R 0 , R, r) (4.11), we get the entanglement entropy for annuli under a direct regularization scheme. We regularize S A with the cutoff Re on the out boundary and R 0 on the inner boundaries, then we obtain
As expected the leading contribution is proportional to the area of the inner and outer boundaries of A thus the entanglement entropy satisfies the area law. The third consistency check is based on the behavior of (4.12) under the limit R 0 → R. When Re = R 0 , we fix R + R 0 and let R 0 approach R. The leading contribution from the area terms should be fixed during the approaching. However the entanglement entropy should go to zero when R − R 0 = 0 because the annulus vanishes 5 . This means during the approaching the entanglement entropy should decrease. In other words the sub-leading contribution should increase and grow to the same order as the area terms as R − R 0 ∼ . This is indeed true for (4.12) because the sub-leading term is proportional to 1 R 2 −R 2 0 which increases faster and faster as R 0 approaches R.
We compare (4.12) with the holographic entanglement entropy calculated by the RT formula [35] 6 . Note that the boundary and bulk cutoffs do not exactly equal to each other and are related by the fine correspondence between the points of A and the RT surface E A . See (3.21) for an explicit example where the fine correspondence is known. More explicitly, they have the same leading order thus generate the same area term contribution to the entanglement entropy while differ at the sub-leading order, i.e.,
where R 0 (Re) is the field theory cutoff at the inner (or outer) boundary of the annulus, whilē R 0 (Re) is the corresponding bulk cutoff taken at z =¯ R 0 (Re) . The function g R 0 (Re) (R 0 , R e ) is determined by the fine correspondence. The difference of order¯ 2 in(out) will not affect the area term but will affect the sub-leading contribution to the entanglement entropy drastically. Plugging (4.14) into (4.12) we have
(4.15)
Then the above result should match the entanglement entropy calculated by the RT formula if the fine correspondence is known to us. However in this case we can not find the fine correspondence via the Rindler method or the fine structure analysis by modular planes, because the Rindler transformations as well as the modular flows are not explicitly constructed yet. One possible way is to follow the steps of [23] to impose reasonable assumptions for the bit threads, then the fine correspondence can be read from the configuration of the bit threads (or the modular planes at a time slice). Our result (4.5) can only match the holographic entanglement entropy (A.1) when the UV and IR cutoffs satisfy the fine correspondence. We leave this exact matching for future investigations. If we naively take R 0 = Re =¯ R 0 =¯ Re , then (4.12) and (A.1) differ by a value that depend on
R . Also we show that they have similar behaviors when the value of R 0 approaches R while R 0 + R is fixed, see Fig.6 . Figure 6 . Here we have set R0 = Re =¯ R0 =¯ Re = 10 −6 and c = 6. When we fix R e +R 0 = 2 and let R 0 approach R e , both of the entanglement entropy S A (4.12) and the holographic entanglement entropy S h A (A.1) calculated by the RT formula decrease as R 0 → R e .R e − R 0
Entanglement entropies and entanglement contours for spherical shells in general dimensions
In this subsection we extend the discussion for annuli to higher dimensions, and calculate the entanglement contour function and entanglement entropy for spherical shell with rotation symmetry. Based on the contour function (3.11) for balls in arbitrary dimensions, we straightforwardly get the entanglement entropy for a (d − 1)-dimensional ball A with radius R e in CFT d , is the surface area of the (d − 2)-sphere and is the UV-cutoff. We consider A 2 as the ball in the center with radius R 0 < R e , and A 1 as the spherical shell characterized by R 0 < r < R e whose entanglement entropy we are calculating. Then S A 2 is also given by (4.16) with R replaced by R 0 and replaced by 0 which is denoted as the cutoff of the smaller ball A 2 . The partial entanglement entropy for A 2 is given by
According to (4.1) we get the indirectly regularized S A 1 ,
Apply a similar strategy in the 3-dimensional CFT case, we calculate the entanglement entropies for shells with direct cutoffs for inner and outer boundaries via (4.1), (4.2) and the second necessary condition for the validity of (1.5). The differential version of the proposal (2.15) can be generalized to 19) in arbitrary dimensions, where similarly the shells A 1 and A 3 are defined by A 1 : R 0 < r < R and A 3 : R < r < R e . Then we can calculated the scheme-independent entanglement contour functions for spherical shells in arbitrary dimensions using the sufficient condition for (2.15), and get
(4.20)
The above result is obviously consistent with our previous result (4.11) when d = 3. One can see from Fig.7 that, as the spacetime dimension increase, the contribution of entanglement entropy away from the entangling surface decreases. 
Comments on the phase transition of the holographic mutual information
As we have shown the entanglement contour and partial entanglement entropy are regularization independent quantities. Another important regularization independent quantity is the mutual information. The mutual information between the regions A and B are defined by
For example we consider the left configuration in Fig.4 and assume the total system is in a pure state thus S A 1 = S A c ∪A 2 . It has been pointed out by [2] that the partial entanglement entropy for the subset A 2 is indeed half of the mutual information I(A 2 : A c )/2. More explicitly we can relate the partial entanglement entropy to the mutual information
Since the contour function f A (r) for the disk A is non-vanishing everywhere, the mutual information is positive for any value of of the ratio
Like the contour function, mutual information integrated from the contour function is scheme-independent. As expected this mutual information is always positive and approaches zero when R e /R 0 → ∞. It is monotonic by satisfying the following inequalities,
Previously in section 2 we pointed out that, the partial entanglement entropy (or mutual information) calculated by the right-hand side of (1.5) with all the subset entanglement entropies regularized by an identical cutoff, is scheme-independent. But it may differ from the right partial entanglement entropy by a constant. Here we call the mutual information calculated in such a way as I (A 2 : A c ). We apply
where the all the terms in the right hand side are regularized by an identical cutoff . Then we find that
This is not right because when R e /R 0 → ∞, I (A 2 : A c ) → − πc 3 , which is negative. On the other hand, based on the RT formula we can calculate the regularized entanglement entropies on the right hand side of (5.2) thus calculate the mutual information I(A 2 : A c ) across the annulus A 1 . For the case of an annulus A 1 , it has been believed that the mutual informations undergoes a phase transition between finite value to zero value. Because in the context of AdS/CFT there are two extremal surfaces for a given annulus,
• Two disk phase: the extremal surface is disconnected and is the union of the RT surfaces of the two disk A and A 2 , i.e., E A 1 =E A ∪ E A 2 .
• Hemi-torus phase: the extremal surface is a connected surface of a hemi-torus. The area of this surface is calculated in the appendix.
The holographic entanglement entropy S A 1 is proportional to the area of the smaller one. However both of the two areas are infinite, it doesn't make sense to compare their size unless they are regularized. The regularization scheme used previously (for example in [35, 36] ) is to take a uniform cutoff z =¯ . Under this scheme we can adjust the parameter
, the minimal surfaces switch between these two phases at a critical value of the ratio
is larger than the critical value the mutual information is finite in the hemi-torus phase. Otherwise S A 1 = S A 2 + S A and the mutual information will vanish.
Here we suspect that the inconsistency of the mutual information comes from the inappropriate choice of the regularization scheme for the RT surfaces. As we have discussed previously, the cancellation of the area term in the mutual information can be satisfied when all the cutoffs have the same leading order, which is satisfied by taking the uniform IR cutoff z =¯ . However this does not mean that the quantity we get is scheme-independent. Firstly the IR cutoff in the bulk and UV cutoff on the field theory side is related by the fine correspondence (which is not known to us in the case of annulus) and in general they differ at the sub-leading order (for the case of balls see the relation (3.21)). This difference can affect the entanglement entropy at the sub-leading order (or mutual information) drastically. Secondly even the UV and IR cutoffs are identical, as we have just shown, taking a uniform cutoff for all the entanglement entropies will not lead to the right mutual information. There is still a constant remains to be determined.
So here we propose that the phase transition of the holographic entanglement entropy for annuli and the mutual information crossing that annulus come from a misunderstanding of the regularization scheme independence, and may not exist at all.
Conclusion
The generalization of the partial entanglement entropy proposal (1.5) to higher dimensions with rotation symmetries is natural, because all the reasons [2, 19] why the proposal is right in 2-dimensions still hold without any additional requirements. The further generalization would be to claim that (1.5) hold for an arbitrary partition of the region A into three subsets. This general situation turns out to admit a different version of the proposal which is derived in appendix B. Also in higher dimensions d ≥ 3, there exist subsets that divide A into more than three subsets thus a more general formula for partial entanglement entropy should be proposed. In these cases the additivity of the partial entanglement entropies will need additional assumptions for the entanglement entropies.
In this paper we have introduced some new perspectives which are not thoroughly studied before. The first perspective is how to understand the regularization of the entanglement entropy. In this paper, following [1, 2] we consider the regularized entanglement entropy as the partial entanglement entropy for the regularized region, where cutoffs are bounds for integrating contour functions. The second perspective is that, the UV and IR cutoffs are related by the fine correspondence between points in A and its RT surface E A by holography. Furthermore they are equal at the leading order but in general differ at the sub-leading order. This is crucial in higher dimensions where the sub-leading contribution for entanglement entropy contains physical information. The third perspective is that, we give more careful derivation for scheme-independent quantities like the entanglement contour function, partial entanglement entropy and mutual information. This leads to our proposal that the phase transition of the mutual information crossing an annulus may not exist.
where the parameters K, κ andz m are determined by 
B Differential version of the proposal for general regions
Assuming that the proposal (1.5) hold for an arbitrary partition of an arbitrary connected region A into three subsets (see Fig.8 ) and the entanglement contour function is unique for any A. Then when the theory is given the contour function should be totally determined by the the boundaries of A. In other words we can write, for example in 3-dimensions, f A (x, y) = f (Σ 0 , Σ e , {x, y}) . Similar to the discussions in section 2, we have We define the right hand of (2.8) to be a new function G(Σ 0 , Σ e , Σ ), then interestingly we find the right hand side of (2.9) can be written as −G(Σ 0 , Σ e , Σ), thus according to (2.7) and (2.6) we have Then we choose A 2 as the small square settled at a point (x, y) and covers the infinitesimal region x → x + dx, y → y + dy. For this choice we have where Σ is just a small perturbation of Σ at (x, y) according to our specific choice of A 2 (see Fig.8 ). It maybe more understandable to write the above equation in the following way f (Σ 0 , Σ e , {x, y}) = 1 2 √ g ∂ x ∂ y (S A 1 − S A 3 ) . (B.10)
Note that A 2 is absorbed by A 1 thus A = A 1 ∪ A 3 . The point (x, y) is on the boundary between A 1 and A 3 and the differential is with respect to a infinitesimal change of the boundary at (x, y) in the sense of Fig.8 . This derivation of the contour function based on the proposal (1.5) can be naturally generalized to arbitrary dimensions.
